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Abstract
In this work, we explore the twist operator OPEs of a generic bosonic symmetric
product (SN ) orbifold CFT. We conjecture that at large N the OPE of bare twist op-
erators contains only bare twists and excitations of bare twists with fractional Virasoro
modes. These fractionally excited operators are the only ones that depend exclusively
on the lengths of the twists and the central charge, agreeing with the general structure
of correlators of bare twists found in the literature. To provide evidence for this, we
study the coincidence limit of a four point function of bare twist operators to several
non-leading orders. We show how the coefficients of these powers can be reproduced by
considering bare twist operators excited by fractional Virasoro modes in the exchange
channels.
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1 Introduction
In the twenty years since Maldacena first introduced holography [1], there has been significant
progress made in understanding this duality between gravity and conformal field theories.
One major line of investigation has been to determine what properties a CFT must possess
in order to have a holographic dual. Early results [2] showed that having an Einstein gravity
dual requires a large central charge and constrains the CFT to have a sparse spectrum of low-
lying operators. These conditions are necessary, but it is still an open question whether they
are sufficient. For bulk duals not well approximated by Einstein gravity, other conditions may
be expected. Still, it is an important goal to find CFTs that satisfy these basic requirements.
One set of CFTs that has been explored for their holographic properties are permutation
orbifold CFTs [3, 4, 5, 6, 7, 8, 9, 10]. These theories have a built-in way of satisfying the
two restrictions. Having large numbers of copies gives the required large central charge, but
at the cost of a large number of low lying states. The orbifold then restricts states, giving a
more sparse result.
A well studied subset of these orbifold CFTs is symmetric permutation orbifolds. The
conditions these satisfy imply that they are dual to strongly quantum gravity, not semiclas-
sical gravity, as the growth of states in the high energy regime is Hagedorn. The reason for
this growth is that although the action of the orbifold projects out many states for a copied
CFT, it adds in new states with twisted boundary conditions. These twisted sector states
dominate the density of states of the theory at high energy. Understanding the twisted sector
is important to understanding the general structure of orbifold CFTs.
One specific symmetric orbifold CFT that has been explicitly shown to play a role in
holography, and in microscopic modelling of black hole physics, is the D1D5 CFT at the or-
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bifold point. At this specific point in moduli space, the CFT is a 1+1 dimensional symmetric
permutation orbifold. For a review of the D1D5 system, see [11]. In order to recover a dual
description that is semiclassical, one has to deform the theory using an operator from the
twisted sector. This gives extra incentive for understanding twist operators, beyond their
dominance at high energy. There has been a large body of work studying the effects of twist
operators on states in this CFT [12, 13, 14, 15, 16, 17, 18, 19, 20].
Our work here will take a slightly different approach. In an earlier work [21], we used
the techniques of [22, 23, 24] to lift computations of an SN orbifold CFT to a covering space,
where the boundary conditions associated with twist operators are encoded in the lifting
map. In the lift, operators on the base are lifted to corresponding operators in the cover,
and the computation is dressed with a Liouville term accounting for the conformal anomaly,
which depends on the central charge c of the base CFT (copied N times to construct the
orbifold). In [21] we found that the OPE of operators on the base could be read off from
the covering space OPE, but only in the restricted case that one of the operators was in
the untwisted sector. Taking OPEs by moving twist sector operators seemed to be less
straightforward to analyze, because of two complications: the map to the cover changes, and
this in turn alters the Liouville term. While [21] dealt with the specific D1D5 CFT near the
orbifold point, we expect that the difficulties of moving twist operators to find their OPEs
will persist for all orbifold CFTs, because the need to interpret the change in the map from
the base to the cover and resulting changes to the Liouville term is always present. For this
reason, we start by working with the simplest class of twist operators available: the bare
twists of a bosonic SN orbifold CFT, the topic of this paper.
The bare twists of an orbifold CFT are the lowest conformal dimension operators in
a given twist sector. The general structure of the correlators of bare twists for bosonic SN
orbifold CFTs was explored in [22]. First, the bare twists are lifted to operator insertions of 1
in the covering surface, making the lifted computation trivial, pushing all of the information
about the correlator into the Liouville action which depends on the map to the cover. Further,
in [22], this general structure of n-point functions of bare twists showed that the large N
behavior was universal, depending only on the length of the twists (the length of the cycles in
SN), the central charge of the base CFT (c), and the total number of copies of the CFT (N)
appearing in the orbifold. This raises the question of what type of operators could appear
in the OPE of two such operators, given that the four point functions contain information
about the OPE through the crossing channels.
In fact, this structure gives some strong clues:-
• The OPE between two bare twists should produce a set of operators that, once lifted,
give a non trivial contribution when accompanied by insertions of 1. Thus, the OPE
should contain operators that once lifted contain c-number operators.
• These c-number operators should only depend on the same information that the cor-
relators do: the lengths of twists, the central charge of the base CFT, and the total
number of copies.
• These operators should be available for all SN orbifold CFTs, such that the universal
nature of the large N behavior of correlators can be reproduced.
These clues seem to be very limiting, and lead us to conjecture that the OPE of twist
operators will consist of only bare twist operators and bare twist operators excited by frac-
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tional modes of the stress energy tensor T , which we will also refer to as fractional Virasoro
modes. These candidate modes meet our criteria outlined in the last paragraph. First, they
are clearly always available for every SN orbifold CFT, since each individual copy of the CFT
contains a copy of the stress tensor, and the fractional modes are constructed using these
individual copies (this is explained more thoroughly in the next section). Next, the lift to
the covering surface does contain c-number parts to the operator, owing to the non-tensorial
transformation of the stress tensor under conformal maps, i.e., the Schwarzian derivative
term. Further, this Schwarzian derivative term will only have information about the central
charge, and the map, which only contains information about the size of the cycles. Hence,
these modes are natural candidates to build the OPE of two bare twists.
To provide evidence for this conjecture, we will examine a four point function of bare
twist operators and work out the expansion of this correlator in the coincidence limit. With
this information, we will show how the twist operators and their excitations can fully account
for the exchange channels in the four point function for a number of powers of the expansion.
Further, continuing this logic, the OPE between any two of these operators should also only
depend on the three criteria above, for consistency. Hence, we expect that the bare twists
excited by fractional modes of the stress tensor form a universal set of operators, available
in any bosonic SN orbifold CFT, that are closed under the operator algebra at large N .
The layout of the paper is as follows. In section 2, we will give a short review of symmetric
orbifold CFTs and twist operators. We will then discuss how we can use the lifting technique
of [22, 23] to generalize the Virasoro algebra to fractional modes. We will use this algebra
to study operators created using fractional Virasoro modes, showing that we can create
an infinite number of new primaries. In section 3, we will review the computation of the
four point function 〈σnσ2σ2σn〉 of two length-2 twists with two length-n twists, and show
how we can find the coincidence limit order by order. In section 4, we will reconstruct the
coefficients of this limit by using operators created via fractional Virasoro modes and the
bare twist operator. We will finish with a discussion in section 5.
Note: Shortly after submission of this preprint, we noticed [25], which has overlap with
our work.
2 Fractional modes of the stress energy tensor
2.1 Symmetric orbifold CFT and the twisted sector
Our focus for this paper will be on general symmetric orbifold CFTs, denoted by MN/SN .
Here M stands for the seed CFT of which there are N copies. If this seed CFT has a field
φ, then we will denote the φ field of the ith copy of the seed CFT as φ(i) where i can run
from 1 to N . This implies that the central charge of the orbifold theory is
ctot = cN , (2.1)
where c is the central charge of the seed CFT. We will take N to be large throughout.
Operators in this orbifold CFT are created using these N copies, but the final result must
be SN invariant. Consider first the untwisted sector. Here an operator is given by simple
sums and products over the copies to give an SN invariant result. The more interesting
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sector is the twisted sector. The states on the cylinder of the twisted sector obey boundary
conditions such that fields are periodic up to the action of the orbifold symmetry, in our
case SN . The operators that are dual to these states are the twist operators, and the twist
operator of lowest conformal weight in a given twist sector is called the bare twist. Further,
since the group SN is constructed using products of cycles, understanding the operators
associated with cycles is sufficient to understand the SN orbifold. As an example, consider
an operator σ(1...n)(0) which implements the boundary condition
φ(1) → φ(2) → ...→ φ(n) , (2.2)
as we go around z → z e2pii. This means we can identify a bare twist operator associated
with a cycle simply by its length. In our example we say that it is a twist n operator and
we will often shorten the notation to σn. The conformal weight of the bare twist depends on
its length n through the formula
h =
c
24
(
n− 1
n
)
. (2.3)
However, the example operator on its own is not SN invariant, as it picks out the first n
operators. A fully SN twist operator is given by a normalized sum over the full orbit of a
particular representative permutation. The SN invariant combination is given by [22, 23]
1√
N !n(N − n)!
∑
g
σg(12..n)g−1 , (2.4)
where g are the group elements of SN .
We can consider excitations of the bare twist to fill out the twisted sector. These twist
operators give access to fractionally moded excitations, which are not accessible in the un-
twisted sector, and generally these will depend on the details of the seed CFT. These are
written in the form
φ−m/n =
∮
dz
2pii
n∑
k=1
φ(k)(z)e
−2piim(k−1)/nzh−m/n−1 . (2.5)
where h is the weight of the field φ. We can see that these fractional modes only make sense
in the presence of a twisted operator. Taking z → ze2pii will give a phase from the fractional
power of z which can only be canceled by permuting the copies inside of the sum. These
fractional modes are key in symmetric orbifolds with supersymmetry, as fractionally moded
R-symmetry currents are used to build up the chiral primaries of the twisted sector.
What will interest us in this paper are the fractional modes of the Virasoro operator
L−m/n =
∮
dz
2pii
n∑
k=1
T(k)(z) e
−2piim(k−1)/n z1−m/n . (2.6)
Here we use a slightly loose notation: note that the copies of the stress tensor involved are
only those parallel to the cycle (the first n indices, in the formula above). When dealing
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with the full stress tensor of the theory, all copies would need to be included. However, from
context, the meaning of such expressions will be clear.
These particular operators are available for any seed CFT chosen, and thus these frac-
tional modes will be universal to any symmetric orbifold CFT. We expect that the only
operators present in bare twist OPEs are bare twists and excitations by these fractional
modes. We will provide evidence for this conjecture by exploring the σn × σ2 OPE. Contin-
uing this line of reasoning, we further conjecture that the SN orbifold contains a universal
subsector, spanned by the bare twists and their fractional Virasoro descendants, and that
these operators have a closed algebra at leading order in large N .
To check this, we will need some way to compute OPEs and correlation functions with
twisted boundary conditions. The main method we will use to examine these fractionally
moded Virasoro modes will be the Lunin-Mathur technique [22, 23]. The main idea of the
technique is to lift twisted operators from the base space to a covering space where the
twisted boundary conditions are ramified. This lift is done using some map between the
base, denoted with the z coordinate, and the cover, denoted with the t coordinate. This
map has ramified points ti which implement the boundary condition for a twist operator
inserted at zi. These will take the form
z − zi = (t− ti)n
(
c0 + c1(t− ti) + c2(t− ti)2 + · · ·
)
. (2.7)
The bare twists are then represented by insertions of the identity on the cover. Their
contribution to correlation functions are given by the exponential of the action of the Liouville
field that keeps track of Weyl anomaly due to the non-zero (large) central charge.
This will be key to our work later. On the cover, the bare twists are identities, so
whatever operator appears in their OPE must also have some piece proportional to the
identity. When we lift to the cover, the stress energy tensor does not transform as a full
primary. The extra piece, the Schwarzian of the lifting map, is proportional to the identity
and will give the contribution of the stress energy tensor to the correlator. The Schwarzian
term depends only on c and the map itself, which is fixed fully by the ramifications given
by the twist insertions. So we can see that, when viewing the OPE from the cover, the fact
that the fractional Virasoro modes contribute should be obvious.
2.2 Fractional Virasoro algebra
Before we dive into giving evidence for our conjecture, we can first exhibit some properties
of these fractional Virasoro modes. We will start by showing how to extend the usual com-
mutation relation for Virasoro modes to fractional modes. We lift the following combination
of Virasoro modes acting on a general twisted operator to the covering space,[
Lk/n, Lk′/n
] |σ′〉 →∮
dt2
2pii
∮
t1=t2
dt1
2pii
z(t1)
k/n+1z(t2)
k′/n+1
(
dz
dt1
)−1(
dz
dt2
)−1
(
T (t1)− c
12
{z(t1), t1}
)(
T (t2)− c
12
{z(t2), t2}
)
σ′↑ . (2.8)
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where we have denoted the twist operator on the cover as σ′↑. The contour integral of t1
around t2 just picks out the simple pole as t1 approaches t2. Note that since t2 is a non-
ramified point, the Schwarzian remains finite, as does the term z(t1)
k/n+1(dz/dt1)
−1, and so
the only singularities come from T − T OPEs on the cover. Thus,[
Lk/n, Lk′/n
] |σ′〉 → (2.9)∮
dt2
2pii
∮
t1=t2
dt1
2pii
z(t1)
k/n+1z(t2)
k′/n+1
(
dz
dt1
)−1(
dz
dt2
)−1(
c
2t412
+
2T (t2)
t212
+
∂T (t2)
t12
)
σ′↑ .
where we have dropped the finite terms because they do not contribute to the contour integral
of t1 near t2.
We can evaluate the t1 integral using our usual residue integral identities, to find[
Lk/n, Lk′/n
] |σ′〉 → (2.10)∮
dt2
2pii
z(t2)
k′/n+1
(
dz
dt2
)−1(
∂T (t2)z(t2)
k/n+1
(
dz
dt2
)−1
+ 2T (t2)
d
dt2
(
z(t2)
k/n+1
(
dz
dt2
)−1)
+
c
2
1
3!
d3
dt32
(
z(t2)
k/n+1
(
dz
dt2
)−1))
σ′↑ .
The integrand may be freely integrated by parts, since the contour is closed, and this allows
us to combine the first two terms involving T . This gives[
Lk/n, Lk′/n
] |σ′〉 → (2.11)∮
dt2
2pii
(
dz
dt2
)−1(
z(t2)
k+k′
n
+1 (k − k′)
n
T (t2) +
c
12
z(t2)
k′/n+1 d
3
dt32
(
z(t2)
k/n+1
(
dz
dt2
)−1))
σ′↑ .
The first term almost looks like a fractional mode of the stress tensor on the cover, although
it is missing the Schwarzian. We introduce this by adding and subtracting it, writing[
Lk/n, Lk′/n
] |σ′〉 → (2.12)∮
dt2
2pii
(
dz
dt2
)−1(
z(t2)
(k+k′)/n+1 (k − k′)
n
(
T (t2)− c
12
{z(t2), t2}
)
+
c
12
(
z(t2)
k′/n+1 d
3
dt32
(
z(t2)
k/n+1
(
dz
dt2
)−1)
+
(k − k′)
n
z(t2)
(k+k′)/n+1 {z(t2), t2}
))
σ′↑ .
All terms above are manifestly antisymmetric under the interchange of k ↔ k′ except the
triple derivative term in the second line. We may remedy this by realizing that we may
integrate by parts. Once integrated by parts, this term gives∮
dt2
2pii
c
12
(k − k′)(k2 + kk′ + (k′)2 − n2)z(t2)(k+k′)/n−1
2n3
(
dz
dt2
)
, (2.13)
and so is a total derivative and gives zero unless k + k′ = 0.
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In the case k + k′ = 0, we see that this simplifies to∮
dt2
2pii
c
12
((
k
n
)2
− 1
)
k
n
z(t2)
−1
(
dz
dt2
)
. (2.14)
For a map of the form in equation (2.7), the simple pole is given by n/t, and so∮
dt2
2pii
c
12
((
k
n
)2
− 1
)
k
n
z(t2)
−1
(
dz
dt2
)
=
cn
12
((
k
n
)2
− 1
)
k
n
. (2.15)
Thus, in total, we find that
[
Lk/n, Lk′/n
] |σ′〉 →∮ dt2
2pii
(
(k − k′)
n
z(t2)
k+k′
n
+1
(
dz
dt2
)−1 (
T (t2)− c
12
{z(t2), t2}
)
σ′↑
)
+ δk+k′,0
cn
12
((
k
n
)2
− 1
)
k
n
σ′↑ . (2.16)
The first term is just a fractional mode of the stress tensor on the cover, and so we may
interpret the above expression on the base space as
[
Lk/n, Lk′/n
] |σ′〉 = (k − k′
n
L(k+k′)/n + δk+k′,0
cn
12
((
k
n
)2
− 1
)
k
n
)
|σ′〉 . (2.17)
Thus, the algebra of fractional modes of the stress tensor is
[
Lk/n, Lk′/n
]
=
k − k′
n
L(k+k′)/n + δk+k′,0
cn
12
((
k
n
)2
− 1
)
k
n
, (2.18)
which is just the Virasoro algebra, generalizing the subscripts to be fractions (note that the
central term refers to n×c, i.e., only to the copies parallel to the cycle, as mentioned before).
This algebra is independent of the details of the map, which is not a priori obvious for the
fractional modes. This identity will prove useful in the upcoming subsection for computing
the norm of states and determining whether operators created with these fractionally moded
Virasoro operators are primary.
2.3 Primary and non-primary fractional Virasoro operators
In this subsection, we will characterize operators of the form L−k/nσn with k > 0. We can,
of course, create operators with multiple products of the fractional modes, but we will focus
on single excitations for simplicity. Obviously if k ∝ n, then this is not a fractional mode
excitation but a descendant of the bare twist σn (ignoring the copies perpendicular to the
cycle). When this is not the case, we will show that operators with fractional modes are
primary operators or have some primary component to them.
First, we can consider the lowest lying excitation
L−1/nσn. (2.19)
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We can show by lifting this to the cover that this operator is actually zero for all n. Consider
the lifting with a general map like in equation (2.7), which gives
L−1/nσn →
∮
dt
2pii
z1−1/n
(
dz
dt
)−1 (
T (t)− c
12
{z, t}
)
(2.20)
=
∮
dt
2pii
(c0 + c1t+ · · · )1−1/n
(c0n+ c1(n+ 1)t+ · · · )
(
T (t)− c
12
(
1− n2
2t2
− c1(n
2 − 1)
nc0t
+ · · ·
))
. (2.21)
It is immediately obvious that the first term vanishes, but the Schwarzian does have some
non-trivial singularities that could contribute. Looking more closely yields
(n2 − 1)c
12
(
1
2
∂
[
(c0 + c1t+ · · · )1−1/n
(c0n+ c1(n+ 1)t+ · · · )
]
t=0
+
c1
nc0
c
−1/n
0
n
)
(2.22)
=
(n2 − 1)c
12
(
(n− 1)c1−1/n0 c1 − c1−1/n0 c1(n+ 1)
c0n2
+
c1c
1−1/n
0
n2c20
)
(2.23)
= 0 . (2.24)
This is an interesting result, as it is not obvious from the base space why this operator is
zero. This result comes directly from considering the ramification around z = 0 and lifting.
In some ways, this may be a more algebraic way of defining what we mean by the bare twist
operator: it is the operator such that L−1/n|σn〉 = 0 and La/n|σn〉 = 0 for a > 0.
We can double check this using the fractional Virasoro algebra we found in equation
(2.18) to work out the normalization of the state. For k > 0, our state L−k/nσn has the norm
given by
〈L−k/nσn|L−k/nσn〉 = ck(k
2 − 1)
12n2
. (2.25)
We can see that if we plug in k = 1, we get zero which shows it is indeed a null state. However,
this is clearly non-zero for k > 1, so we may have some interesting states to examine.
If we want to show that L−k/nσn is a conformal primary, then we must show that
LaL−k/n|σn〉 vanishes for all a > 0 (with a integer). With the fractionally moded algebra,
this is straightforward
LaL−k/n|σn〉 = [Lan/n, L−k/n]|σn〉 =
(
a+
k
n
)
La−k/n|σn〉 . (2.26)
This will vanish if a−k/n ≥ −1/n, as any positive mode will cause the primary σn to vanish
and we have shown that L−1/n σn vanishes as well. So then we have the condition k ≤ an+1.
If this is true for all a, then the strongest bound is then when a = 1, of k ≤ n+ 1.
Even though the operators with k > n+ 1 are not primaries, they can be combined with
descendants to make new primaries. Consider the operator L−(n+2)/nσn. We can determine
if it is quasi-primary by the action of L1 ,
L1L−(n+2)/n σn = L−(n+2)/nL1 σn +
2n+ 2
n
L−2/n σn =
2n+ 2
n
L−2/n σn , (2.27)
which is not zero. So L−(n+2)/n σn is not a quasi-primary operator by itself, but we can con-
sider taking a linear combination with L−1L−2/nσn. This is equivalent to doing a projection
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procedure discussed in Appendix A of [21]. This will give the quasi-primary part of the
operator above,
L−(n+2)/n σn − 1
2h− 2L−1L1L−(n+2)/n σn (2.28)
= L−(n+2)/n σn − 24(n+ 1)
c(n2 − 1) + 48L−1L−2/n σn .
We can generalize this procedure to any k > n + 1, giving an infinite number of primary
operators using these fractionally moded Virasoro modes. In the next section, we will show
how the primary fractionally moded Virasoro operators can fully account for the exchanges
in a four point function.
3 Coincidence limit for bare twists
3.1 Four point function from Lunin-Mathur
In order to test our conjecture, we will consider the coincidence limit of the normalized four
point function
〈σn(0, 0)σ2(1, 1)σ2(w, w¯)σn(∞, ∞¯)〉
〈σ2(0, 0)σ2(1, 1)〉〈σn(0, 0)σn(∞, ∞¯)〉 . (3.1)
This is will tell us about the σ2 × σn OPE, not a general σm × σn OPE, but we expect
the general form of the OPE to be the same. The details of the computation are given in
[26][27][22], but we will review some of the important aspects here.
First, we should analyze the overlap of the indices in the σ2 × σn OPE. There are three
options: zero, one or two overlaps. In the first case, the correlator will just factorize, i.e., the
OPE is trivial. In the second case, the two twist operators will fuse into an operator with
σn+1. In the third case, the OPE will result in a σn−1 operator. We can compute the genus
of the covering surface for both these cases using the Riemann-Hurwitz formula
g =
1
2
∑
j
rj − s+ 1 , (3.2)
where rj are the ramifications for each of the twist operators and s is the total number of
sheets involved. Note that rj = nj − 1, where nj is the length of the twist. For the one
overlap case, we find
g =
1
2
+
1
2
+
n− 1
2
+
n− 1
2
− (n+ 1) + 1 = 0 , (3.3)
and for the two overlap case we find
g =
1
2
+
1
2
+
n− 1
2
+
n− 1
2
− n+ 1 = 1 . (3.4)
As discussed in section 2.1, an SN invariant correlator will involve a sum of the disconnected,
genus zero, and genus one pieces as we sum over the different permutations in the orbit. Since
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the disconnected piece will not contain information about σ2×σn, we can ignore it. Also, we
do not expect that the operators showing up in the OPE will change based on the genus, so
we shall focus on the genus zero piece. It would be interesting to work out the contributions
for genus one to confirm that we have the same pattern there.
The idea of the Lunin-Mathur method is to lift this correlator onto the cover where the
twist operators are ramified into identity operators. The fact that we have a non-zero central
charge means that the contribution of the twist fields will be accounted for by a Liouville
term. The various regulators that are introduced for this computation will then give non-zero
contributions. A properly normalized four point function will remove the regulators, leaving
the desired result. To do this, we need to first have a map with the correct ramification
around each of the twist insertions. In this case, one choice is the map
z = Ctn
t− a
t− 1 . (3.5)
The ramifications of z = 0 and z =∞ are clear, the other two points are at
t± =
1
2n
[
(n− 1)a+ n+ n±
√
(a− 1)((n− 1)2a− (n+ 1)2)
]
. (3.6)
These need to correspond to our two points on the base, z = 1 and z = w. By choosing
z(t+) = 1, we get a constraint on the undetermined coefficient
C = t−n+
t+ − 1
t+ − a , (3.7)
then we will also have z(t−) = w.
The result of the procedure is
〈σn(0, 0)σ2(1, 1)σ2(w, w¯)σn(∞, ∞¯)〉
〈σ2(0, 0)σ2(1, 1)〉〈σn(0, 0)σn(∞, ∞¯)〉 (3.8)
= |C|− c4 |a|− c12(n+12 − 1n)|1− a|− c8 |(n− 1)2a− (n+ 1)2|− c24n− c12 2− 5c12 ,
which is a generalization of the result in equation (7.23) of [22]. The authors had worked
with c = 1, whereas we have kept it general. With this in hand, we can now show how to
extract the information of the OPE from the four point function.
3.2 Taking the coincidence limit
With the four point function, we can exploit the coincidence limit to constrain the operators
that occur in the OPE of σ2(w, w¯)σn(0, 0). This is done by taking the (w, w¯)→ (0, 0) limit
of the four point function.
Consider the (carefully normalized) OPE of the two twist operators,
σ2(w, w¯)σn(0, 0)
〈σ2(0, 0)σ2(1, 1)〉1/2〈σn(0, 0)σn(1, 1)〉1/2 =
∑
k
|w|−2h2−2hnwhkw¯h¯k C2nk Ok(0, 0)〈Ok|Ok〉1/2 . (3.9)
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Here Ok are the primaries and descendant fields that show up in the expansion, and Cijk are
the corresponding structure constants. We have also exploited the fact that hn = h¯n for the
twist operators. Plugging this into the four point function, we can see that
〈σn(0, 0)σ2(1, 1)σ2(w, w¯)σn(∞, ∞¯)〉
〈σ2(0, 0)σ2(1, 1)〉〈σn(0, 0)σn(∞, ∞¯)〉
=
∑
k
|w|−2h2−2hnwhkw¯h¯k C2nk 〈Ok(0, 0)σ2(1, 1)σn(∞, ∞¯)〉〈σn(0, 0)σn(1, 1)〉
1/2
〈σ2(0, 0)σ2(1, 1)〉1/2〈Ok|Ok〉1/2〈σn(0, 0)σn(∞, ∞¯)〉 (3.10)
=
∑
k
|w|−2h2−2hnwhkw¯h¯k C22nk . (3.11)
Therefore, the three point function has the proper normalization to return the structure
constant. Since we have the full expression for the four point function in equation (3.8), we
can expand this in powers of w and obtain the data on the spectrum of (hk, h¯k, C2nk).
Taking the expansion of the four point function around w = 0 is subtle as w is a
complicated function of a,
w =
(
n+ 1 + (n− 1)a−√(a− 1)((n− 1)2a− (n+ 1)2)
n+ 1 + (n− 1)a+√(a− 1)((n− 1)2a− (n+ 1)2)
)n
(3.12)
× n+ 1− (n− 1)a−
√
(a− 1)((n− 1)2a− (n+ 1)2)
n+ 1− (n− 1)a+√(a− 1)((n− 1)2a− (n+ 1)2) ,
which is in general not invertible. Instead, we can invert this expression order by order and
use this expansion to expand the original four point function in powers of w. This will not
give us information about all of the operators that are exchanged at arbitrary order, but we
can still see some of the lowest lying exchanged operators. So we expand w in terms of a,
finding
w =
n2n
(n+ 1)2n+2
an+1 +
2n2n+1
(n+ 1)2n+3
an+2 +
n2n+1(3n2 + 3n+ 1)
(n+ 1)2n+5
an+3 (3.13)
+
2n2n+1(1 + 5n+ 12n2 + 12n3 + 6n4)
3(n+ 1)2n+7
an+4 +O(an+5) .
We can invert this expansion to find a in terms of w,
a = (n+ 1)2n−
2n
n+1w
1
n+1 − 2(n+ 1)2n 1−3nn+1 w 2n+1 − n 1−5nn+1 (n+ 1)2(1− 5n+ n2)w 3n+1 (3.14)
− 2(n+ 1)2n 1−7nn+1 (1− 10n+ 24n2 − 10n3 + n4)w 4n+1/3 +O(w 5n+1 ) .
We can then plug this expression into equation (3.8) to find the expansion
〈σn(0, 0)σ2(1, 1)σ2(w, w¯)σn(∞, ∞¯)〉
〈σ2(0, 0)σ2(1, 1)〉〈σn(0, 0)σn(∞, ∞¯)〉 = |w|
− c(n2+n−2)
24n(n+1) 2−
5c
12n−
c(2n2+3n+3)
12(n+1) (n+ 1)
c(2n+n+2)
12n (3.15)
×
(
1 +
c
8
n
2−2n
n+1 w
2
n+1 +
2c
9
(n− 1)2n 2−4nn+1 w 3n+1 + ...
)
× c.c. ,
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where we have suppressed the complex conjugate of the brackets that come from the anti-
holomorphic sector. The leading term of this was already found and examined in [22].
This expression has a useful form. The power of the leading w term is
hn+1 − h2 − hn = c
24
(
n+ 1− 1
n+ 1
− 2 + 1
2
− n− 1
n
)
= −c(n
2 + n− 2)
48n(n+ 1)
, (3.16)
and the corresponding weight for the antiholomorphic sector. Then the powers in the brackets
indicate operators that have weight
hn+1 +
k
n+ 1
. (3.17)
These powers represents the fractional excitations of the bare twist σn+1. In the next sec-
tion, we will analyze this expansion and see how we can reconstruct it completely from the
exchange of fractionally moded Virasoro excitations of the bare twist operator.
4 Finding the exchanged operators
4.1 First non-leading order
The first immediate result we can see is that there is no term in the series with an excitation
of 1/(n+ 1). This is consistent with our results in section 2.3, where we found that the
L−1/nσn operator vanished. So even if we did not use the covering space method to show
how this operator vanished, we can see it directly from the coincidence limit. There are no
other operators that contribute at this order either, which is consistent with our conjecture
that only fractional Virasoro excitations show up in the OPE.
4.2 Second non-leading order
This order is non-vanishing and so we should now consider the three point function to match
the results. Specifically, we are interested in examining the normalized three point function
〈L− 2
n+1
σn+1(0, 0)σ2(1, 1)σn(∞, ∞¯)〉
〈σn(0, 0)σn(∞, ∞¯)〉
〈σn(0, 0)σn(1, 1)〉1/2
〈σ2(0, 0)σ2(1, 1)〉1/2〈L− 2
n+1
σn+1(0, 0)L− 2
n+1
σn+1(1, 1)〉1/2 ,
(4.1)
by lifting this to the cover using the map
z(t) =
tn+1
(n+ 1)t− n . (4.2)
We first need to work out the results from the Liouville term. The formula (D.82) of [28]
allows us to find the normalized contribution,
Znorm =
(
M∏
i=1
p
c
12
(pi+1)
i
)(
N−1∏
j=0
q
c
12
(qj−1)
j
)(
M∏
i=1
|ai|−
c
12
pi−1
pi
)(
F∏
j=0
|bj|−
c
12
qj+1
qj
)
|b0| c6 q
c
6
0 . (4.3)
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where we have dropped the infinity regulator, as we have carefully normalized the bare twists
correctly with the appropriate two point functions. We find that for our three point function
and map, M = 2, N = 1, F = 1, p1 = n + 1, p2 = 2, q0 = n, q1 = 1, a1 = −1/n,
a2 = n(n+ 1)/2, b0 = 1/(n+ 1), and b1 = n
n+1/(n+ 1)n+2. Putting it all together, we find
Znorm = 2−
5c
24 (n+ 1)
c(2+n+2n2)
24n n−
c(3+3n+2n2)
24(n+1) . (4.4)
We can now lift the operator up to the cover to find the contribution from the excitation,
L−2/(n+1)σn+1 →
∮
dt
2pii
z(t)
n−1
n+1
(
dz
dt
)−1 (
T (t)− c
12
{z, t}
)
(4.5)
=
(
n
2
n+1
n+ 1
T (0)− cn
1−n
n+1
4(n+ 1)
)
. (4.6)
This is obtained by expanding in powers of 1/t and computing the required residue integral.
There is also an extra phase here, coming from the fact that the expansion of the map has
a negative coefficient. Since this phase cancels out in the end, we will suppress it.
Since the one point function vanishes, it is only the Schwarzian that contributes. We see
the contribution from the non-twist is then
〈L−2/(n+1)σn+1(0, 0)σ2(1, 1)σn(∞, ∞¯)〉non−twist = cn
1−n
n+1
4(n+ 1)
. (4.7)
Finally, we need to have the normalization. This too can be obtained by lifting to the cover.
Equivalently, we can make use of equation (2.25) with k = 2 (and replacing n with n + 1),
which gives the result
〈L−2/(n+1)σn+1(0, 0)L−2/(n+1)σn+1(1, 1)〉 = c
2(n+ 1)2
. (4.8)
We can put this together to find the normalized three point function,
〈L− 2
n+1
σn+1(0, 0)σ2(1, 1)σn(∞, ∞¯)〉
〈σn(0, 0)σn(∞, ∞¯)〉
〈σn(0, 0)σn(1, 1)〉1/2
〈σ2(0, 0)σ2(1, 1)〉1/2〈L− 2
n+1
σn+1(0, 0)L− 2
n+1
σn+1(1, 1)〉1/2
= (2−
5c
24 (n+ 1)
c(2+n+2n2)
24n n−
c(3+3n+2n2)
24(n+1) )
(
cn
1−n
n+1
4(n+ 1)
)(
c
2(n+ 1)2
)−1/2
(4.9)
=
√
c
8
n
1−n
n+1
(
2−
5c
24 (n+ 1)
c(2+n+2n2)
24n n−
c(3+3n+2n2)
24(n+1)
)
. (4.10)
To compare to the coefficient of the |w|− c(n
2+n−2)
12n(n+1) w
2
n+1 in equation (3.15), we need to
square this result. We find
c
8
n
2−2n
n+1
(
2−
5c
12 (n+ 1)
c(2+n+2n2)
12n n−
c(3+3n+2n2)
12(n+1)
)
, (4.11)
which matches the coefficient of the coincidence limit. This indicates the that operator
L−2/(n+1) σn+1 fully accounts for the exchange at this order.
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4.3 Third non-leading order
The third non-leading order is also non-vanishing. So we can examine the three point function
〈L− 3
n+1
σn+1(0, 0)σ2(1, 1)σn(∞, ∞¯)〉
〈σn(0, 0)σn(∞, ∞¯)〉
〈σn(0, 0)σn(1, 1)〉1/2
〈σ2(0, 0)σ2(1, 1)〉1/2〈L− 3
n+1
σn+1|L− 3
n+1
σn+1〉1/2 . (4.12)
This is an interesting case, as for n = 2 the operator is simply L−1, i.e., a descendant of the
σ3 operator. This contribution is fixed by conformal invariance. We can proceed as we did
before, lifting to the cover,
L−3/(n+1)σn+1 →
∮
dt
2pii
z(t)
n−2
n+1
(
dz
dt
)−1 (
T (t)− c
12
{z, t}
)
, (4.13)
=
∮
dt
2pii
(
((n+ 1)t− n)n+4n+1
n(n+ 1)t3(t− 1) T (t) (4.14)
+
c((n+ 1)t− n)n+4n+1 ((n2 − 1)t2 − (2n2 + 2n− 4)t+ n(n+ 2))
24n(n+ 1)t4(t− 1)3
)
.
Again, we will not need the T (t) term, so we focus on just the Schwarzian term. Doing this
integral gives
〈L−3/(n+1)σn+1(0, 0)σ2(1, 1)σn(∞, ∞¯)〉non−twist = 2c(n− 1)
3(n+ 1)n
2n−1
n+1
. (4.15)
To compute the normalization, we have to be careful to note that for the case of n = 2,
this operator is a descendant. So normalizing with the two point function at finite points
will not get the normalization correct. Instead, we will use equation (2.25) with k = 3 (and
replacing n with n+ 1) to find the normalization
〈L−3/(n+1)σn+1|L−3/(n+1)σn+1〉 = 2c
(n+ 1)2
. (4.16)
Putting these two contributions together with the Liouville term in equation (4.4), we
find
〈L− 3
n+1
σn+1(0, 0)σ2(1, 1)σn(∞, ∞¯)〉
〈σn(0, 0)σn(∞, ∞¯)〉
〈σn(0, 0)σn(1, 1)〉1/2
〈σ2(0, 0)σ2(1, 1)〉1/2〈L− 3
n+1
σn+1|L− 3
n+1
σn+1〉1/2
=
(
2−
5c
24 (n+ 1)
c(2+n+2n2)
24n n−
c(3+3n+2n2)
24(n+1)
)(
2c(n− 1)
3(n+ 1)n
2n−1
n+1
)(
2c
(n+ 1)2
)−1/2
(4.17)
=
√
2c
9
n
1−2n
n+1 (n− 1)
(
2−
5c
24 (n+ 1)
c(2+n+2n2)
24n n−
c(3+3n+2n2)
24(n+1)
)
. (4.18)
To compare to the coefficient of the |w|− c(n
2+n−2)
12n(n+1) w
3
n+1 in equation (3.15), we need to square
this result. We find
2c
9
n
2−4n
n+1 (n− 1)2
(
2−
5c
12 (n+ 1)
c(2+n+2n2)
12n n−
c(3+3n+2n2)
12(n+1)
)
, (4.19)
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which matches the coefficient of the coincidence limit. This indicates that the operator
L−3/(n+1) σn+1 fully accounts for the exchange at this order. This is also true when n = 2,
where this term is a descendant and the result is fixed using conformal invariance. We have
done the computation with this method as well, finding agreement.
4.4 Higher orders
So far, we have been exploring the cases of operators with L−k/(n+1) σn+1 with k ≤ n + 1.
The next obvious step would be to examine operators with k > n + 1. As we discussed
in section 2.3, these operators will not be primary on their own, and we must project out
the non-primary parts. In addition, we will have to consider the fact that the descendants
of lower weight operators will also contribute in the coincidence limit. Furthermore, as we
consider higher and higher weights, the number of possible operators will increase, making
it more difficult to do the matching for general n.
To explore operators with k > n + 1 with the coincidence limit, we will investigate the
simple non-trivial case with n = 2. We therefore look at the operator L−5/3 σ3, with its
proper projection. Substituting n = 3 into equation (2.28), we find that(
L−5/3 − 12
c+ 6
L−1L−2/3
)
σ3 (4.20)
is the primary part of L−5/3 σ3. Then we would have this operator possibly contributing,
along with the descendant L−1L−2/(n+1) σn+1. This projection procedure ensures these oper-
ators are orthogonal, so they will contribute without any overlap.
We can compute the three point function,
〈
(
L−5/3 − 12
c+ 6
L−1L−2/3
)
σ3(0, 0)σ2(1, 1)σ2(∞, ∞¯)〉 . (4.21)
This can be separated into two pieces. Let us first examine
〈L−5/3σ3(0, 0)σ2(1, 1)σ2(∞, ∞¯)〉 . (4.22)
To do this, we lift to the cover using the map in equation (4.2), finding
L−5/3 σ3(0, 0)→
∮
dt
2pii
z(t)−2/3
(
dz
dt
)−1 (
T (t)− c
24
{z, t}
)
(4.23)
=
2−1/3c
9
. (4.24)
Note we can have dropped the T (t) dependent terms, as they will not contribute to the
correlator. This also makes the residue integral much easier to compute. So the correlator
excluding the Liouville contribution is
〈L−5/3 σ3(0, 0)σ2(1, 1)σ2(∞, ∞¯)〉non−twist = 2
−1/3c
9
. (4.25)
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Now we can compute the second part,
〈L−1L−2/3 σ3(0, 0)σ2(1, 1)σ2(∞, ∞¯)〉 . (4.26)
We can compute this by lifting to the cover, or by using the fact that L−1 acts as derivative
through the Ward identity. Both methods agree; here we will show the Ward identity method.
We find
〈L−1L−2/3 σ3(0, 0)σ2(1, 1)σ2(∞, ∞¯)〉 = hL−2/3 σ3〈L−2/3 σ3(0, 0)σ2(1, 1)σ2(∞, ∞¯)〉 . (4.27)
This is the only term that survives when we properly take the limit of the third operator
going to infinity. The weight of the first operator, hL−2/3σ3 , can be found simply by adding
the weight of the bare twist together with the excitation
hL−2/3σ3 =
c
24
(3− 1
3
) +
2
3
=
c+ 6
9
. (4.28)
Now we can include the result from the lift done in equation (4.7) with n = 2. This will
result in
〈L−1L−2/3 σ3(0, 0)σ2(1, 1)σ2(∞, ∞¯)〉non−twist = c+ 6
9
× c
27/33
=
c(c+ 6)
27/333
. (4.29)
Putting the two pieces of the full three point function together, we find
〈
(
L−5/3 − 12
c+ 6
L−1L−2/3
)
σ3(0, 0)σ2(1, 1)σ2(∞, ∞¯)〉non−twist = 2
−1/3c
9
− 12
c+ 6
c(c+ 6)
27/333
= 0 ,
(4.30)
which is an interesting result.
To double check this, we show that the contribution of the descendant L−1L−2/3σ3 con-
stitutes the full piece to the four point function. We first need the normalization, which can
be obtained via the fractional Virasoro algebra and results in
〈L−1L−2/3 σ3|L−1L−2/3 σ3〉 = c(c+ 6)
81
. (4.31)
Then the full normalized result (including the Liouville term) is then
〈L−1L−2/3 σ3(0, 0)σ2(1, 1)σ2(∞, ∞¯)〉
〈L−1L−2/3 σ3|L−1L−2/3 σ3〉1/2 =
(
c(c+ 6)
27/333
× 2−4c/93c/4
)(
c(c+ 6)
81
)−1/2
(4.32)
=
√
c(c+ 6)2−7/3−4c/93c/4−1 . (4.33)
We then need to expand out to the correct order. In this case we are interested in
w
hL−5/3σ3−2hσ2 w¯h¯σ3−2h¯σ2 = |w|−c/36w5/3 . (4.34)
We can carry this out by expanding equation (3.8) to this order, finding
〈σ2(0, 0)σ2(1, 1)σ2(w, w¯)σ2(∞, ∞¯)〉
〈σ2(0, 0)σ2(1, 1)〉〈σ2(0, 0)σ2(∞, ∞¯)〉 = |w|
−c/362−8c/93c/2 (4.35)
× (1 + c
211/3
w2/3 +
c
18
w +
c(c+ 6)
225/3
w4/3 +
c(c+ 6)
9× 214/3w
5/3 +
c(9000 + 998c+ 27c2)
331776
w2)× c.c. .
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We can see that the coefficient is then
2−8c/93c/2
c(c+ 6)
9× 214/3 = (
√
c(c+ 6)2−7/3−4c/93c/4−1)2 , (4.36)
where the argument in the square is the result we found in equation (4.33).
This shows that there is no contribution from the primary to the four point function:
the latter is entirely accounted for by the descendant L−1L−2/3 σ3. We may suspect that the
lack of a contribution may mean that (L−5/3 − L−1L−2/3) is a null state, like L−1/(n+1)σn+1.
But recruiting the fractional Virasoro algebra shows us that
〈
(
L−5/3 − 12
c+ 6
L−1L−2/3
)
σ3 |
(
L−5/3 − 12
c+ 6
L−1L−2/3
)
σ3〉 = c(10c+ 44)
9(c+ 6)
, (4.37)
which is not zero and hence it is not a null operator. Note that this vanishing result does
not generalize to higher twist. We can compute the general correlator
〈
(
L−(n+3)/(n+1) − 24(n+ 2)
c((n+ 1)2 − 1) + 48L−1L−2/(n+1)
)
σn+1(0, 0)σ2(1, 1)σn(∞, ∞¯)〉 , (4.38)
and it will, in general, be a complicated non-zero function of n. It would be interesting to
understand why this happens to vanish for n = 2.
5 Discussion
With the work in this paper, we have explored the OPE of twist operators in a general
symmetric orbifold (MN/SN) CFT. We studied the fractional Virasoro modes, which are
exclusive to the twisted sector owing to the twisted boundary conditions. We have shown
how the L−1/nσn operator vanishes, as well as how the fractionally moded Virasoro modes
form a generalization of the regular Virasoro algebra. To explore how these operators show
up in the OPE of twist operators, we examined the coincidence limit of the four point
function 〈σnσ2σ2σn〉, which gave us details on the σn × σ2 OPE. We further showed the
vanishing of the term corresponding to L−1/nσn in the coincidence limit, as well as matching
both primary and descendant terms to several non-leading powers in the expansion. While
our calculations only checked the first few orders, we conjecture that this pattern will persist
to all orders in the OPE: operators constructed using the bare twist and fractional Virasoro
modes will be the only operators that show up in the OPE of bare twist operators for all
symmetric orbifold CFTs.
From the point of view of the covering space, these results are not very surprising. When
we lift bare twists to the cover, they are replaced by the identity. Then the OPE of the
identity should contain the identity, plus all the descendants under the Virasoro algebra on
the cover. These descendants are the covering space representatives of the fractional Virasoro
excitations. This would also explain the vanishing of L−1/n|σn〉, as this would roughly lift to
L−1|0〉, which vanishes.
Given that the OPEs and three point functions appear to depend on an underlying
algebra, and that this underlying algebra is essentially the Virasoro algebra, we may be
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tempted to find the OPE using more algebraic techniques. In a CFT, if we know the
coefficient of primary φp appearing in the OPE of two other primaries φ1 and φ2, then the
descendants of φp must also appear with coefficients that are given by conformal invariance
[29]. Explicitly, the OPE is given by
φ1(z)φ2(0) =
∑
p
∑
k,k¯
Cp12 β
p{k}
12 β¯
p{k¯}
12 z
hp−h1−h2+kz¯h¯p−h¯1−h¯2+k¯ φ{k,k¯}p , (5.1)
where the β
p{k}
12 and β¯
p{k¯}
12 are a set of coefficients, {k} and {k¯} are a list of negative mode
Virasoro generators used to excite φp. The coefficients β and β¯ are read off by applying an
arbitrary Ln operator to both sides of the equation, arriving at a recurrence relation for β
and β¯. These recurrence relations can be solved iteratively to find the the coefficients β and
β¯ level by level.
In the previous sections, we have given evidence that there is a similar form for the
OPE between two bare twists, except that the descendants are given by a list of fractional
Virasoro modes. Is it possible to get a recurrence relation for the β coefficients in this case?
Let us take as a concrete example the fusion of two operators, say a σ2 and a σn fusing to a
possibly excited σn+1. Thus, we are concerned with the part of the OPE that reads
σ2(z + a)σn(+a) = · · ·
∑
k,k¯
Cn+12,n β
(n+1),{k}
2,n β¯
(n+1){k¯}
2,n z
hp−h1−h2+kz¯h¯p−h¯1−h¯2+k¯σ{k,k¯}n+1 (a) , (5.2)
where the {k} and {k¯} are a list of fractional modes on the right hand side, and we have
shifted the two σ operators by a, but then relax to a→ 0 at the end (for later convenience).
Applying a Lk/(n+1) on the right hand side of (5.2) appears to give no problem with a = 0:
the modified algebra should result in a simple way to read off the result. However, on the
left hand side of (5.2), we must compute
Lk/(n+1) σ2(z1 + a)σn(a) . (5.3)
This computation lifts to
→
∮
dt
2pii
(
dz
dt
)−1
(z(t))k/(n+1)+1
(
T (z)− c
12
{z(t), t}
)
, (5.4)
where the map z(t) has ramified points at z(t =∞) =∞, z(t = t1) = z1+a and z(t = t2) = a,
and the contour in the t plane is sufficiently large to go around the ramified points at t = t1
and t = t2. The contour integral is well defined because z ∝ tn+1 as t → ∞. We want to
deform this contour inward so that we may evaluate the left hand side of (5.2). However,
there are points that obstruct the deformation. These are the singularities in the Schwarzian,
occurring at t = t1 and t = t2, and the branch points in (z(t))
k/(n+1)+1, which occur at
z(t) = 0; there are n+ 1 such points. Thus, the contour deforms as depicted in figure 1.
Thus, although the contour is single valued around t = ∞, as well as t1 and t2, the
points where z(t) = 0 lead to branch points in (z(t))k/(n+1)+1, and so do not allow explicit
computation. Now it becomes clear why we used the regulator a: in the limit a → 0 that
the location of a ramified point and some of the images of z = 0 coincide, making this point
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t1 t2
Figure 1: The diagram of the contour pull in the t plane, attempting to pull the contour from
infinity (solid line) to the other ramified points t1 and t2 (dashed line). However, there is an
additional obstruction coming from the branch points in (z(t))k/(n+1)+1 (images of z = 0),
denoted by × in the diagram, leading to the contour being deformed around these points
and accompanying branch cuts as well. Depicted above is the case n = 4.
both ramified and a branch point (of order n). We introduced a as a way to separate these
two distinct concerns. In the case where k is proportional to n+ 1, the contour pull may be
performed, but this is just the case of the non-fractional Virasoro modes. Thus, in the case
of fractional modes, the computation is difficult to make sense of, and so does not lead to a
recurrence relation for the coefficients β and β¯.
We can see a similar failure for the three point functions. In a conformal theory, the
three point function between three primaries immediately leads to the form of the three
point function between two of the primaries and a given descendant of the third. The form
of the correlator is written in terms of some differential operator acting on the original three
point function of primaries. This computation again relies on contour pulls, and so will fail
when trying to generalize to the fractional modes of the stress tensor in exactly the same
way. These two difficulties seem to be complementary, and cancel when exploring exchange
channels in four point functions. The four point function may be thought of as a combination
of the OPE (with β difficult to compute from contour pulls) and the three point function
of fractional descendants (also difficult to compute with contour pulls). Thus, one must
always resort to other techniques, for example the covering space technique used here, to
find the three point functions of fractional mode descendant operators. There does not seem
to be a straightforward algebraic approach to finding the OPE, or the three point functions,
although this point warrants further investigation.
There are a number of open questions remaining. One obvious generalization is to
consider supersymmetric orbifold CFTs. The extended SUSY algebra there offers a larger
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variety of possible structures to explore but we would still expect that the operators would
only depend on the general properties of the permutation orbifold CFTs. We would also be
interested to connect this back to computing the anomalous dimensions of low-lying non-
protected operators in the D1D5 CFT [30, 21]. It would also be interesting to understand
this fractional Virasoro algebra more. We found that one of the primary fractional Virasoro
excitations does not show up in the OPE. It would be interesting to see if this is part of
a larger pattern and what that pattern might be. Studying these patterns may require
connecting to the higher spin algebra found for the D1D5 CFT [31, 32, 33, 34, 35].
Acknowledgements
The work of AWP and ITJ is supported by a Discovery Grant from the Natural Sciences and
Engineering Research Council of Canada. The work of BAB is supported by funds provided
by Hofstra University, including a Faculty Research and Development Grant, and faculty
startup funds.
References
[1] J. M. Maldacena, “The Large N limit of superconformal field theories and supergravity,”
Adv. Theor. Math. Phys. 2, 231 (1998), [arXiv:hep-th/9711200].
[2] I. Heemskerk, J. Penedones, J. Polchinski and J. Sully, “Holography from Conformal
Field Theory,” JHEP 0910, 079 (2009), [arXiv:0907.0151].
[3] C. A. Keller, “Phase transitions in symmetric orbifold CFTs and universality,” JHEP
1103, 114 (2011), [arXiv:1101.4937].
[4] F. M. Haehl and M. Rangamani, “Permutation orbifolds and holography,” JHEP 1503,
163 (2015), [arXiv:1412.2759].
[5] A. Belin, C. A. Keller and A. Maloney, “String Universality for Permutation Orbifolds,”
Phys. Rev. D 91, no. 10, 106005 (2015), [arXiv:1412.7159].
[6] N. Benjamin, M. C. N. Cheng, S. Kachru, G. W. Moore and N. M. Paquette, “El-
liptic Genera and 3d Gravity,” Annales Henri Poincare 17, no. 10, 2623 (2016),
[arXiv:1503.04800].
[7] A. Belin, C. A. Keller and A. Maloney, “Permutation Orbifolds in the large N Limit,”
Annales Henri Poincare, 1 (2016), [arXiv:1509.01256].
[8] N. Benjamin, S. Kachru, C. A. Keller and N. M. Paquette, “Emergent space-time and
the supersymmetric index,” JHEP 1605, 158 (2016), [arXiv:1512.00010].
[9] A. Belin, J. de Boer, J. Kruthoff, B. Michel, E. Shaghoulian and M. Shyani, “Univer-
sality of Sparse d > 2 Conformal Field Theory at Large N ,” JHEP 1703, 067 (2017),
[arXiv:1610.06186].
[10] A. Belin, “Permutation Orbifolds and Chaos,” JHEP 1711, 131 (2017),
[arXiv:1705.08451].
[11] J. R. David, G. Mandal and S. R. Wadia, “Microscopic formulation of black holes in
string theory”, Phys.Rept., 369 (2002) 549, [arXiv:hep-th/0203048].
20
[12] S. G. Avery, B. D. Chowdhury and S. D. Mathur, “Excitations in the deformed D1D5
CFT,” JHEP 1006, 032 (2010), [arXiv:1003.2746].
[13] Z. Carson, S. Hampton, S. D. Mathur and D. Turton, “Effect of the twist operator in
the D1D5 CFT,” JHEP 1408, 064 (2014), [arXiv:1405.0259].
[14] Z. Carson, S. D. Mathur and D. Turton, “Bogoliubov coefficients for the twist operator
in the D1D5 CFT,” Nucl. Phys. B 889, 443 (2014), [arXiv:1406.6977].
[15] Z. Carson, S. Hampton, S. D. Mathur and D. Turton, “Effect of the deformation operator
in the D1D5 CFT,” JHEP 1501, 071 (2015), [arXiv:1410.4543].
[16] B. A. Burrington, S. D. Mathur, A. W. Peet and I. G. Zadeh, “Analyzing the squeezed
state generated by a twist deformation,” Phys. Rev. D 91, no. 12, 124072 (2015),
[arXiv:1410.5790].
[17] Z. Carson, S. Hampton and S. D. Mathur, “Second order effect of twist deformations in
the D1D5 CFT,” JHEP 1604, 115 (2016), [arXiv:1511.04046].
[18] Z. Carson, S. Hampton and S. D. Mathur, “One-Loop Transition Amplitudes in the
D1D5 CFT,” JHEP 1701, 006 (2017), [arXiv:1606.06212].
[19] Z. Carson, S. Hampton and S. D. Mathur, “Full action of two deformation operators in
the D1D5 CFT,” JHEP 1711, 096 (2017), [arXiv:1612.03886].
[20] Z. Carson, I. T. Jardine and A. W. Peet, “Component twist method for higher twists
in D1-D5 CFT,” Phys. Rev. D 96, no. 2, 026006 (2017), [arXiv:1704.03401].
[21] B. A. Burrington, I. T. Jardine and A. W. Peet, “Operator mixing in deformed D1D5
CFT and the OPE on the cover,” JHEP 1706, 149 (2017), [arXiv:1703.04744].
[22] O. Lunin and S. D. Mathur, “Correlation functions for MN/SN orbifolds”, Commun.
Math. Phys. 219, 399 (2001), [arXiv:hep-th/0006196].
[23] O. Lunin and S. D. Mathur, “Three-point functions for MN/SN orbifolds with N = 4
supersymmetry”, Commun. Math. Phys. 227, 385 (2002), [arXiv:hep-th/0103169]
[24] B. A. Burrington, A. W. Peet and I. G. Zadeh, “Twist-nontwist correlators in MN/SN
orbifold CFTs,” Phys. Rev. D 87, no. 10, 106008 (2013), [arXiv:1211.6689].
[25] K. Roumpedakis, “Comments on the SN orbifold CFT in the large N -limit,”
[arXiv:1804.03207]
[26] G. E. Arutyunov and S. A. Frolov, “Virasoro amplitude from the S**N R**24 orbifold
sigma model,” Theor. Math. Phys. 114, 43 (1998) [arXiv:hep-th/9708129]
[27] G. Arutyunov, S. Frolov and A. Polishchuk, “On Lorentz invariance and supersymmetry
of four particle scattering amplitudes in S**N R**8 orbifold sigma model,” Phys. Rev.
D 60, 066003 (1999) [arXiv:hep-th/9812119]
[28] Steven G. Avery, “Using the D1D5 CFT to Understand Black Holes”, PhD. Thesis,
[arXiv:1012.0072].
[29] P. Di Francesco, P. Mathieu and D. Senechal, “Conformal Field Theory,”
doi:10.1007/978-1-4612-2256-9
[30] B. A. Burrington, A. W. Peet and I. G. Zadeh, “Operator mixing for string states in
the D1-D5 CFT near the orbifold point,” Phys. Rev. D 87, no. 10, 106001 (2013),
[arXiv:1211.6699].
21
[31] Matthias R. Gaberdiel Rajesh Gopakumar, “Higher Spins & Strings”, JHEP 11, 044
(2014), [arXiv:1406.6103]
[32] M. R. Gaberdiel and R. Gopakumar, “Stringy Symmetries and the Higher Spin Square”,
J. Phys. A 48, no. 18, 185402 (2015), [arXiv:1501.07236]
[33] M. R. Gaberdiel, C. Peng and I. G. Zadeh, “Higgsing the stringy higher spin symmetry”,
JHEP 1510, 101 (2015), [arXiv:1506.02045]
[34] M. R. Gaberdiel and R. Gopakumar, “String Theory as a Higher Spin Theory”, JHEP
1609, 085 (2016), [arXiv:1512.07237]
[35] M. R. Gaberdiel and R. Gopakumar, “Tensionless String Spectra on AdS3,”
[arXiv:1803.04423]
22
